The Exercises From Day 1

Monday, May 23, 2016

. Let H = R[t]/(t?), A(t) =t @1+ 1®t. Show P(H) = Rt .

1

. Let H=R[t]/(t*""), A(t)=t®1+1®¢t. Show P(H) =Rt + Rt? +--- + Rt?" .
. Let H = Rlty,to, ..., t,]/ (8, th, ... t), A(t;) = t;®141®t;. Describe P(H) as an R-module.
. Let H = RI, T an abelian p-group (or any finite group). Describe P(H) as an R-module.

. Let R be a domain, and H = RC;; = Homg(RC), R), C}, = (o).
Let

p—1
t= E i€i,
i=1

where €;(c7) = 6; ;.

Show that H = R[t]/(t? —t), and P(H) = Rt.

. Prove a subset of the following;:

1. P(H)N R =0.

2. t,ue P(H)=t+ue€ P(H).

3. te P(H), re R=rte P(H).

4. P(H) is an R-submodule of H.

5. If R is a PID, then P(H) is free over R.

6. t€ P(H) =1t € P(H).

. Show that RC? and RC)> correspond to the same R[F]-module.
. Show that the R[F]-module (R[F])[X] does not correspond to any Hopf algebra H.
. Let H = R[t]/(t"") with

p—1
1 , ,
AD)=tx1+1xt =P g i),
t)=t01+1® +;i!(p_i)! ®

This is a Hopf algebra (not the exercise). Show that H is not primitively generated (yes, the
exercise).
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Use Dieudonné modules to describe End(RC})
Use Dieudonné modules to describe Aut(RC}).
Use Dieudonné modules to describe End(R(C, x Cp)*).
Use Dieudonné modules to describe Aut(R(C), x Cp)*).

Does Ext}z[ p)(M, M) give all the Hopf algebra extensions? Prove that the answer is no. Hint:
consider H = R[t]/(t*") with

p—1
1 _ .
Aty=t@1+1at P @ PP,
(H)=t®1+1e +;i!(p_i)! ®
This H is a Hopf algebra (still not the exercise).

Let H be a primitively generated R-Hopf algebra. Prove that H®pgS is a primitively generated
S-Hopf algebra and that
D, s(H®gS) =D r(H) ®r S.

Show that K[t]/(t?") has no non-trivial L forms for any L.

Let H = Fplt1,t2]/(t] — t2,t5 — t1). Determine, if possible, the smallest field L such that H
and (KCp2)* are L-forms.

Let M = D,(H) for H a K-Hopf algebra of rank p™. Suppose F' acts freely on M. Show that
H and (KT)* are K®P-forms for some p-group I'.

Let M = D,(H) for H a K-Hopf algebra of rank p"™. Suppose F"M = 0 for some r > 0.
Show that H and (KT)* are not K*P-forms for any p-group T.

Find all Hopf orders in H = Kty t2]/(t], t5).

Find all Hopf orders in H = Kty,t2]/(t], th — t2).

Find all Hopf orders in H = (KC})*.

Determine which of the Hopf orders in (K Cg)* are monogenic.
Find all Hopf orders in H = K ty,t2]/(t] — ta, th — t1).

Determine which of the Hopf orders in the previous problem are monogenic.



